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1 Discrete Time Markov Chains

• Steady-State Probabilities

• Higher Order Markov Chains

2 Absorbing Markov Chains

• Snakes & Ladders

3 Continuous Time Markov Chains

• A Simple Queue



Figure: from Flickr brickset

https://www.flickr.com/photos/brickset/


Andrei Andreyevich Markov

Figure: Markov chain pioneer.



What is a Markov Chain?
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P =

 0.5 0.2 0.3
0.8 0.1 0.1
0.2 0.6 0.2





Initial state π0 = (1, 0, 0):

πt+1 = πtP

πt = π0P
t

π3 = (0.521, 0.262, 0.217)



Initial state π0 = (103, 147, 82):

πt+1 = πtP

πt = π0P
t

π3 = (167.875, 88.725, 75.400)



Initial state π0 = (0.1, 0.3, 0.6):

πt+1 = πtP

πt = π0P
t

π3 = (0.5093, 0.2569, 0.2338)



Steady-State Probabilities

π = πP

Σπ = 1
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Steady-State Probabilities

π = πP

Σπ = 1
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The Markov Property



Higher Order Markov Chains
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Higher Order Markov Chains
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Generating Music with Markov Chains

https://www.youtube.com/watch?v=qOZ2Q-Ls48U

https://www.youtube.com/watch?v=qOZ2Q-Ls48U


Classification of States

A

B

D

C

E

Recurrent

Transient

Absorbing



Absorbing Markov Chains

Probability of Absorption

P (absorption in t steps from s) = Pt
(s,a)

lim
t→∞

Pt
(s,a) → 1

Mean Steps to Absorption

P =

(
Q R
0 1

)
E [steps to absorption from s] = (I− Q)−1(s)
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Continuous-Time Markov Chains
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Q =

 −13.8 7.5 6.3
4.0 −9.8 5.8

11.2 2.9 −14.1





Discrete Continuous

πt = π0P
t πt = π0

(
I+

∑∞
k=1

Qktk

k!

)
π = πP 0 = πQ



The Exponential Distribution

f (x) = λe−λx
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P (T > s + t | T > t) = P (T > s)



Modelling a Queue

waiting waiting in serviceλ
µ

Arrivals ∼ Poisson(λ)
Service time ∼ Exponential(µ)



(0) (1) (2) (3)

λ λ λ

µ µ µ



Q =


−λ λ 0 0
µ −(λ+ µ) λ 0
0 µ −(λ+ µ) λ
0 0 µ −µ



π0 =
µ3

λ3 + λ2µ+ λµ2 + µ3

π1 =
λµ2

λ3 + λ2µ+ λµ2 + µ3

π2 =
λ2µ

λ3 + λ2µ+ λµ2 + µ3

π3 =
λ3

λ3 + λ2µ+ λµ2 + µ3
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Thank You!


